
Limitations of the Equilibrium Theory 
of Countercurrent Devices 

In the analysis of countercurrent adsorption processes, an equilib- 
rium theory in which local equilibrium between the fluid and the adsor- 
bent phases is assumed has been used in the past to determine the 
composition of the pinch state that would be obtained for long columns. 
It is shown that this equilibrium theory is deficient and that certain mass 
transfer parameters, which are lost in the procedure by which the model 
equations for the equilibrium theory are formulated, can have a profound 
effect on the composition of the pinch. 
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Introduction 
Separation of multicomponent mixtures by means of mass 

transfer between a flowing fluid phase and another immiscible 
fluid or solid phase, which may be stationary or moving, is an 
operation of central importance to the chemical process indus- 
tries. Absorption, extraction, adsorption, and distillation are 
prime examples. Models of varying degrees of complexity have 
been proposed for these processes and analyzed in the literature. 
In the analysis of such processes it is common practice to exam- 
ine the relative importance of various terms appearing in a 
detailed model (e.g., various mass transfer resistances) and to 
simplify the model to a level that is acceptable for the process 
being studied. One such scheme involves a hitherto unrecog- 
nized pitfall and the purpose of this communication is to illus- 
trate this by an analysis of a countercurrent adsorption process. 
In such a process, as the length of the adsorption column 
increases without bound, it is well known that an increasing 
fraction of the column length lies close to a “pinch” state in 
which the two phases are in mutual equilibrium, and that this 
fraction of the length tends to unity as the total length tends to 
infinity. Transition regions, adjacent to one or both ends of the 
column, where there are  significant departures from equilibri- 
um, then occupy only a small fraction of the total length. On the 
scale of this length they therefore appear as thin boundary 
layers. While the variation in conditions within the boundary 
layers is of interest, it is of prime practical importance to deter- 
mine the composition of the pinch state, since from this alone the 
performance of a column of unbounded length can be pre- 
dicted. 

Rhee et al. (1971) have put forward a scheme for determining 
the composition of the pinch state. As the boundary layer 
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regions located a t  one or both ends of a very long column are 
very short compared to the total length of the column, they pro- 
posed that these regions be treated as boundary discontinuities 
or shocks. Accordingly, the pinch state, where the two phases 
are in mutual equilibrium, will prevail everywhere in the interior 
of the column. As a result of this postulate of existence of local 
equilibrium everywhere in the interior of the column, this 
scheme is often referred to as the “equilibrium theory” 
approach. But without following the concentration variations in 
the boundary layers, the steady state mass balance equations do 
not determine the composition of the pinch state. To identify the 
pinch state composition, Rhee et al. view the problem as a tran- 
sient one and employ the method of characteristics to identify 
the final steady state that will be obtained. 

In contrast, we have calculated the steady concentration pro- 
files in columns of finite length by solving directly the steady 
state equations that retain the details of the interphase mass 
transfer process in the boundary layer regions. By doing this for 
a sequence of columns of successively increasing length, and 
examining the limiting form as the length increases without 
bound, we can identify directly the pinch state that is 
approached as  the length tends to infinity. 

It will be shown through illustrative examples that the results 
of these direct calculations are not, in general, the same as the 
predictions of the equilibrium theory of Rhee et al. 

Countercurrent Adsorption Process 
Consider a process in which a flowing gas stream containing 

several adsorbable species and an excess amount of an inert 
(nonadsorbing) species is contacted with a countercurrently 
moving solid adsorbent phase. Although one can readily write 
an elaborate model taking into account axial dispersion, inter- 
phase transport resistance on the fluid side, and intraparticle 
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diffusional resistance, we shall confine attention to a simpler 
model as a starting point for our analysis. We shall assume iso- 
thermal conditions and neglect axial dispersion. Further, as the 
dominant mass transfer resistance in such processes is usually on 
the solid side of the gas-solid interface, we shall neglect the gas- 
side mass transfer resistance. Finally, we shall approximate the 
intraparticle diffusional resistances through an effective mass 
transfer coefficient for each species. As the solid phase effective 
diffusivities of the various species in a multicomponent system 
will differ from each other, one can expect the effective mass 
transfer coefficients for these species to differ also. 

The unsteady mass balances for the ith species in the fluid 
and solid phases can then be written as 

ac, ac. 
at az Axe - + 91- + A,a,k,(n; - n,) = 0 

an, an. 
at a Z  

A,( 1 - e) - - qs 2 - A,a,k,(n; - n,) = 0 

O c z < L ,  t > 0 ,  i = l , M  

Here A, denotes the cross-sectional area of the column, assumed 
to be a constant; a, denotes the external surface area of the pel- 
lets per unit volume of the bed and k, is the effective mass trans- 
fer coefficient for the ith species; qf and qs denote the volumetric 
flow rates of the gas and the solid, respectively, and are assumed 
to be constant; n; denotes the concentration of the ith species in 
the solid phase that would be in equilibrium with the gas phase, 
and it is determined by a suitable equilibrium isotherm. For the 
sake of our illustration, we assume that the Langmuir isotherm 
holds for all the species so that 

M 

where N is the maximum adsorption capacity of the solid per 
unit volume and Ki is the equilibrium constant for the adsorption 
of species i. The boundary conditions for this system of differen- 
tial equations are given by 

At z = 0: Ci = Cp, 

At z - L: ni - n f ,  

i = 1, M 
i - 1, M 

Accumulation in the gas phase inside the pores of the solid has 
been neglected in the above differential equations, as it is 
usually small compared to the amount adsorbed. 

The above equations can be cast in dimensionless form to 
obtain 

aYi aYi - + - + ai(X; - Xi) = 0 aT at 

O < t <  1, T > O ,  i =  l , M  (2) 

(3) 

A t t = 0 ,  y i = y : ,  i = l , M  

At[ = 1, xi = x f ,  i =  l , M  

Here 

xi = ni/N, y ,  = Ci/Co; x; = n; /N 

a, = A,a,kiNL/qfCo; 5 = z/L; T = qft/AxcL 

yp - CPlC,; x: = n f / N  

Although we have presented the transient equations above, we 
are mainly concerned with the steady state performance of the 
column. Increasing the length of the column while keeping all 
other physical parameters constant is equivalent to an increase 
in the dimensionless mass transfer coefficients a,, and the ques- 
tion at issue here is the performance of the column in the limit 
a, - m, i.e., in the limit of a very long column. In this limit one 
can anticipate that a pinch state where the fluid and solid phases 
are essentially in equilibrium will be approximated closely in 
most of the length of the column with relatively thin boundary 
layers at one or both ends. Our objective is to determine the 
composition of this pinch state. If this is known, the composi- 
tions of the effluent fluid and solid streams (i.e., yi(  1) and x i (0 ) ]  
can be computed readily from simple mass balances. 

where the superscript p denotes the pinch state. In what follows 
we shall discuss two approaches to the estimation of the pinch 
state composition, the equilibrium approach and the direct 
approach. 

Equilibrium Theory Approach 
One may argue that as all the aI)s tend to infinity, the fluid 

and the solid phases must be very close to being in equilibrium 
with each other almost everywhere in the column, major depar- 
tures from equilibrium being confined to relatively short regions 
at one or both ends of the column. Since these boundary layer 
regions are very short compared to the total length of the col- 
Iimn, it was proposed by Rhee et al. that they may be treated as 
boundary discontinuities or shocks. Thus 

xi = x;, i = 1, M almost everywhere in 0 < ,$ < 1 (8) 

Addition of Eqs. 1 and 2 then yields 

In this approach, often referred to as the equilibrium theory 
approach (the name being derived from the assumption of local 
equilibrium described by Eq. 8), one then solves Eq. 9 using Eq. 
3 to eliminate the e s .  The system of PDEs in Eq. 9 is usually 
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hyperbolic for commonly encountered systems. It turns out that 
the boundary conditions, Eqs. 4 and 5, cannot be satisfied simul- 
taneously in the equilibrium theory approach. To overcome this 
difficulty, the existence of boundary discontinuities a t  one or 
both ends of the column is permitted, and the system of equa- 
tions is solved using the method of characteristics. A detailed 
discussion of the boundary conditions and the method of charac- 
teristics has been presented by Rhee et al. (1971) and will not be 
repeated here. In our subsequent discussion, we shall simply 
present the results of the equilibrium theory approach and the 
reader is referred to the article by Rhee et al. for the details of 
the solution procedure. It is interesting to note that although the 
calculation of the pinch state is inherently a steady state prob- 
lem, in the equilibrium theory it is necessary to attack a dynamic 
problem to obtain any kind of solution. This is because, under 
steady state conditions, Eq. 9 is satisfied by any uniform state 
(in which the fluid and solid phases are in equilibrium) prevail- 
ing over the entire length of the column. 

We must emphasize that in the equilibrium theory, the only 
parameter (other than those associated with the adsorption iso- 
therm) that affects the steady state composition of the pinch 
state is the dimensionless flow ratio I.C. It is precisely in this 
regard that the limitation of the equilibrium theory arises. It will 
be shown below that there are other parameters that can have a 
profound influence on the composition of the pinch state, and 
that these parameters are lost in the procedure by which the 
model equations for the equilibrium theory are developed. Con- 
sequently the equilibrium theory leads to the correct pinch state 
composition only in rather restricted circumstances. 

Direct Approach 
Under steady state conditions, model Eqs. 1 and 2 reduce to 

dyi 
- + ai(x:  - X i )  = 0 
d€ 

1 dx, 
-- + a i ( x j - x i ) = O ,  O < ( < l ,  T > O ,  i = l , M  (11) 
I dF 

Combining Eqs. 10 and 11 we can write 

so that, for each species, 

where 1;* is any location in the bed. The straight line defined by 
Eq. 12 in the xi  vs. y ,  plane is commonly referred to as the oper- 
ating line. One can also project the equilibrium relation, Eq. 3, 
onto the x; vs. yi plane to give an equilibrium curve, but only if 
one knows how all the y j ( j  # i) vary with yi. Thus the projected 
equilibrium curve will depend on the solution itself. 

Let us first consider the case of a single species ( M =  1) 
adsorbing onto a solid. In this case the above statement is irrele- 
vant and the equilibrium curve is uniquely defined a priori. As 
the operating conditions (namely p and a,) are changed, the 
operating line is shifted around in the x, vs. y ,  plane. It can eas- 
ily be shown that, for any finite and positive values of p and a,, 

the operating and equilibrium curves cannot intersect in the 
interval bounded by y ,  = yy and y ,  = y:' where y;' denotes the 
dimensionless fluid phase concentration of species 1 that would 
be in equilibrium with an adsorbent having a dimensionless 
adsorbate concentration of x, (1). Further, as a,  increases, the 
operating line approaches the equilibrium line until finally, 
when a,  - m these two lines contact each other a t  y ,  = yy, y ,  = 

y;q, or some intermediate value of y , .  The point of contact then 
gives the x, and y ,  values corresponding to the pinch state. In 
this case of a single species adsorbing onto a solid, the only oper- 
ating parameter that determines the composition of the pinch 
state is p, just as in the equilibrium theory. We note that this 
approach, based on operating and equilibrium lines, and the 
equilibrium theory approach of Rhee et al. always yield identi- 
cal results for the composition of the pinch state in this simple 
case. 

Let us now consider a multicomponent system. In most of the 
practical situations, x' depends not only on y ,  but also on y j ,  j = 

1, M ,  j # i. Thus in order to construct the projected equilibrium 
curves, x: vs. y ,  i = I ,  M ,  it is necessary to determine how a 
change in the concentration of the ith species in the adsorption 
column affects the concentrations of all the other species. From 
Eqs. 10 and 12 we can write 

For a given flow ratio w, in order to compute the composition of 
the pinch state one has to consider the limit aj - m, j = 1, M .  
But, inspection of Eq. 13 reveals that even in the limit aj - m, 

j = 1, M ,  the equilibrium curves continue to depend on the 
details of the mass transfer process through the ratios (aj/ai). 
(aj/., = k j / k i  is simply the ratio of the mass transfer coefficients 
and is therefore independent of the length of the column.) 
Clearly there exist ( M  - 1) independent aj/ai ratios, so there 
are M parameters [namely, ( M  - 1) mass transfer ratios and 
the flow ratio p ] ,  in addition to those constants associated with 
the equilibrium isotherms, that can influence the composition of 
the pinch state. In contrast, the ( M  - 1) mass transfer ratios are 
never considered in the equilibrium theory approach and hence 
their effect on the pinch state composition is completely lost. In 
the next section we shall illustrate this through some examples 
for a two-component ( M  = 2) system. 

For a single species adsorbing on a solid, it was possible to 
make a definitive statement that the equilibrium and operating 
lines cannot cross each other in an interval bounded by y ,  = yg 
and y q  = y;q. In the case of a multicomponent system it is, in 
general, not possible to make such strong statements. It is indeed 
possible that the projected equilibrium curves and the operating 
lines can cross each other for some of the species. The only defin- 
itive statement that can be made is that such crossings cannot 
occur for all the species simultaneously for any finite p and a;s. 
In fact, only in the limit when aj - CO, j = 1, M will the operat- 
ing lines and the projected equilibrium curves contact each other 
for every species a t  the same time. This unfortunately is too 
broad a statement to allow us to develop an effective procedure 
for estimating the pinch state composition. The purpose of the 
above discussion is simply to establish that the mass transfer 
ratios will in general affect the pinch state composition and that 
the equilibrium theory approach does not predict this. 

1468 September 1987 Vol. 33, No. 9 AICbE Journal 



For the purpose of this study, we have determined the pinch 
state composition directly by a brute force numerical method. 
For given value of the flow ratio p, the ( M  - 1) mass transfer 
ratios aj/al, and the constants associated with the equilibrium 
isotherms, we simply solve the two-point boundary value prob- 
lem described by Eqs. 10 and 11 subject to the boundary condi- 
tions in Eqs. 4 and 5, assuming some finite value for aI. The 
method of orthogonal collocation in conjunction with interpola- 
tion using piecewise Hermite polynomials yielded satisfactory 
numerical results. Once the composition profiles in the column 
were determined for this value of a,, the calculations were 
repeated for larger and larger values, a t  each stage using the 
composition profiles for the previous value of a, as an initial esti- 
mate. This procedure was repeated until the solution contained a 
segment where the composition was constant and essentially 
corresponded to equilibrium, spanning a t  least 90% of the col- 
umn length. Further increases in a, then merely extended the 
length of this segment without changing its composition signifi- 
cantly. This is illustrated in Figure 1, where the gas phase com- 
position profiles in the column for two different values of a1 are 
shown. The parameter values used in the simulations are  indi- 
cated in the figure itself. Note that, for the sufficiently large val- 
ues of aI shown in this figure, the gas phase composition in the 
center segment is essentially independent of aI. Further, it was 
found from the computational results that the fluid and solid 
phases were essentially in mutual equilibrium in this segment. 
Thus the pinch composition was generated directly as the com- 
position in this segment. Our procedure is, therefore, simply to 
solve the equations for a column of finite length, then succes- 
sively increase the length until the pinch develops. In practice, it 
was found that the pinch composition changed little after the 
segment representing the pinch grew to about 50% of the col- 
umn length. 

Model Results 
The results presented here were obtained for a two-compo- 

nent system. If the two species do not interact with one another 
through the equilibrium isotherm, i.e., x; and x; do not depend 
on y 2  and y , ,  respectively, then the two-component adsorption 
problem can effectively be viewed as two independent single- 
species adsorption problems. In that case, it is easy to see that 
the ratio a1/a2 is irrelevant in the computation of the pinch state 

0.8 r 1 

I I 1 I I 
0.2 0.4 0.6 0.8 I .o 

€ 

Figure 1. Gas phase composition profiles in Column for 
various values of a,. 
a1/a2 - 1 .0 p - 0.60 yy - y; - 0.50; y;' - Y;~ - 0.05. 

composition. Further, the direct method and the equilibrium 
theory approach can be shown to give identical results. 

For the purpose of our illustration, let us now consider the 
Langmuir isotherm, Eq. 3. Clearly, x; and x; depend on y 2  and 
y , ,  and so adsorption of these two species is coupled. Without 
loss of generality, we shall assume that species 2 is adsorbed 
more strongly than species 1. In all the results presented below, 
we have set El = 3 and I?2 = 6. 

Example 1: Coadsorption of two species 

~7 = y:  = 0.50, y;' = y;' =0.05 

Here y;' and y q  denote the dimensionless concentrations of 
species 1 and 2, respectively, that would be in equilibrium with 
the entering solids. Thus xi = 0.10345 and x: = 0.2069. In this 
case the entering solid is lean in both species 1 and 2 relative to 
the entering fluid, and the process occurring in the column is 
coadsorption of both species. 

For this problem, the equilibrium theory approach predicts 
three possible regimes for the pinch state. 

yf = y;q = 0.05, 

yf = 0.723, 0.55 < p < 0.90 

yf ~7 = 0.50, y $  = y ;  = 0.50, p > 0.90 

y $  = ysq = 0.05, 0 < p < 0.55 

y $  = 0.236, 

Thus, for small p values the pinch state is the same as the state 
of the entering solid, and for large p values the pinch state is the 
same as the state of the entering fluid. For 0.55 < p < 0.90 a 
constant state that is different from either of the entering 
streams is obtained as the pinch state. The composition of the 
pinch state is independent of the value of p in this region. 

Direct calculations were made as described above for various 
values of p and the ratio a1/a2. It was found that the results 
computed for the case al /a2  = 1.0 coincided exactly with those 
predicted by the equilibrium theory. However, it was found that 
the pinch state composition does indeed depend on the aI/a2 
ratio. Figure 2 shows the composition of the pinch state as a 
function of p for a1/a2 = 1.0 and a1/a2 = 3.0. The direct calcu- 
lation shows three possible regimes for the pinch state composi- 
tion. For small values of p (0 < p < p,) the pinch state is the 
same as the state of the entering solid and for large values of 
p ( p  > p* )  the pinch state is the same as the state of the entering 
fluid. However, the values of p* and p* depend on the aI/a2 
ratio, as can be seen in Figure 2. The change in the pinch state 
composition in the vicinity of p = p* and p = p* was found to be 
discontinuous for all .,/a2 ratios tested (0.10 5 aI /a2  c lo), 
and it is only this feature that is predicted correctly by the equi- 
librium theory for this example. In the region p* < p < p*, the 
composition of the pinch state is independent of p only for a,/ 
a2 = 1 .O, otherwise it varied markedly with p. This is illustrated 
in Figure 2. 

The solid lines in Figure 3 show the variation of the pinch 
state composition with al/a2 for p = 0.60. A very pronounced 
variation in yf with aI/a2 is clearly evident. It readily follows 
from Eqs. 6 and 7 that the adsorbate composition in the effluent 
solid phase [i.e., xI (0) and x2(0)], and the composition of the 
effluent fluid phase [i.e., y ,  (1) and y 2 (  I ) ]  will also vary with aI/ 
a2. These variations are shown in Figure 4 for p = 0.60. 
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Figure 2. 
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Example 2: Exchange adsorption of two species 

y;  = 0.05, J J ~  = 0.50, JJ;' = 0.50, y:' = 0.05 

It was found that the direct calculation with al/az = 1.0 and 
the equilibrium theory approach yielded identical results for the 
pinch state composition, just as in the previous example, but the 
effect of the aI/a2 ratio on the pinch state composition is more 
dramatic. Figure 5 shows the pinch state composition as a func- 
tion of p for a1/a2 = 1.0 and aI /a2  = 3.0. 

According to the equilibrium theory, the pinch state is the 
same as the state of the entering solid for p < 0.41, and it is the 
same as the state of the entering fluid for p > 1.34. In the region 

y2p 
0.2 
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Figure 3. Composition of pinch state for example 1. 
-As a function of solid-side mass transfer ratio (al/az) 
--As a function of fluid-side mass transfer ratio &/& 
p - 0.60 

0.4r 
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a,  /a2 

Figure4. Composition of pinch effluent solid and fluid 
streams for example 1. 
Composition as a function of solid-side mass transfer ratio al/al  
p - 0.60 

0.57 < p < 1.34, a pinch state having a composition independent 
of p is obtained. The change in the pinch state composition at  
p = 1.34 is discontinuous. In the region 0.41 < p < 0.57, the 
pinch state composition varies smoothly with p and no discontin- 
uous change in the pinch state composition occurs in the vicinity 
of p = 0.41 or p = 0.57. (This is referred to as a simple wave 
transition in the equilibrium theory. In this region, according to 
the equilibrium theory, an infinite length of time will be 
required to attain the final steady state.) 

For al/az = 3.0, the pinch state composition corresponds to 
that of the entering solid for p < 0.26, and it is the same as the 
state of the entering fluid for p > 1.33. Furthermore, the 
changes in the pinch state composition are discontinuous both at  
p = 0.26 and p = 1.33. In the region 0.26 < p < 1.33 the pinch 
state composition changes smoothly with p. Thus even the quali- 
tative features of the equilibrium theory predictions are not cor- 
rect in this example if aI /az  # 1.0. 

r I 

y g  
0'4 0.2 t 
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We repeated the type of calculation described for the above 
two examples for a number of different feed compositions. In 
every case it was found that the pinch state composition com- 
puted by the direct approach for q / a Z  = 1.0 was exactly the 
same as that predicted by the equilibrium theory. This appears 
intuitively reasonable, as the equilibrium theory does not 
assume anywhere that any one particular species approaches 
equilibrium any faster than the other species present. We specu- 
late that even in the case where M > 2 the equilibrium theory 
approach will predict the pinch state composition correctly if all 
the mass transfer ratios (aj/ai) are unity. However, it would be a 
rare situation in practice for which ai = aj, V i , j .  

Model for lnterphase Transfer 
In the analysis presented above it was assumed that the domi- 

nant resistance for interphase mass transfer was on the solid side 
of the fluid-solid interface. In what follows, we shall refer to this 
case as model I. Let us consider two other models. 

Model If. The dominant resistance for interphase mass trans- 
fer is on the fluid side. Then, for a two-component system, Eq. 1 
is replaced by 

where 

y f  = xi/Ki(l - xI - X J ,  i = 1 ,  2 

and a similar equation replaces Eq. 2. Here y ;  is the dimension- 
less fluid phase concentration of species i that would be in equi- 
librium with the solid phase, and & is a dimensionless mass 
transfer coefficient for species i .  In the direct approach, Eq. 12 is 
still valid, while instead of Eq. 13 we shall have 

Model I I I .  Not mass transfer, but the absorption/desorption 
process is rate limiting. For Langmuir adsorption/desorption 
kinetics, we then have instead of Eq. 1, 

aYj ayi - + - + T i [ Y i ( l  - x, - xz) - X i / k i ]  = 0, aT ag 
i = 1 , 2  (17) 

where Ti is a dimensionless rate constant for the absorption of 
species i. It can easily be shown that Eq. 12 is still valid, while 
Eq. 13 is replaced by 

which can be rewritten [by dividing the numerator and denomi- 
nator on the righthand side by (1 - x ,  - xz)] as  

where yt, i = 1 , 2  are given by Eq. 15. 
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Comparing Eqs. 16 and 18, we see that the role played by the 
ratio (&/&) of model I1 in relation to the pinch state composi- 
tion is identical to that of the ratio (T,/T2) of model 111. Thus, 
for the purpose of calculating the pinch state composition, these 
two models need not be considered separately. 

The equilibrium theory approach does not take into consider- 
ation the details of the interphase transfer processes, and the 
pinch state composition obtained from this approach is indepen- 
dent of whether we are considering model I, 11, or 111. Numer- 
ical computations of the pinch compositions were carried out by 
the direct approach, using models I1 and 111, for a variety of 
operating conditions. It was found that in all the examples stud- 
ied, the results of the direct approach agreed with the predic- 
tions of the equilibrium theory approach if P,/P, = 1 for model 
I1 (and, equivalently, if Tl/Tz = 1 for model 111). Comparing 
these observations for all three models, one might conjecture 
that the equilibrium theory works if the approaches to local 
equilibrium for all the species are driven in an unbiased way. 

In an earlier section describing results obtained by the direct- 
approach solution of model I, we presented the effect of the aI/ 
a2 ratio on the pinch state composition (the solid line in Figure 
3). These calculations were repeated for model 11, and the varia- 
tion of the pinch state composition with the (&/&) ratio is also 
presented in Figure 3, as a broken line. The purpose of this com- 
parison is to bring out an important feature, namely, that the 
pinch composition depends not only on the ratio of the rate con- 
stants but also on the functional form used for the driving force. 
This is of course not surprising, as the equation describing the 
equilibrium curve (compare Eqs. 13 and 16) depends on both 
the ratio of the rate constants and the functional form used for 
the driving force. 

The computational results presented in this paper demon- 
strate unequivocally the limitations of the equilibrium theory 
approach. In the limit of a very long column, the size of the 
boundary layer regions at  one or both ends of the column, where 
the compositions in the entering phases change from the feed 
conditions to those of the pinch state, become a vanishingly 
small fraction of the total column length. The equilibrium the- 
ory avoids having to deal with these regions by viewing them as 
boundary discontinuities, and this is responsible for the failure 
of the theory. Our work shows that the details of the interphase 
mass transfer processes in these boundary layers and, in particu- 
lar, the relative ease with which interphase mass transfer occurs 
for the various species, are of paramount importance in accurate 
modeling of such mass transfer processes, even in the limit of a 
very long column. 

Validity of Equilibrium Theory in Other Contexts 
The local equilibrium assumption is often invoked in the anal- 

ysis of the performance of absorption, extraction, and distilla- 
tion processes; for example, multicomponent distillation in a 
tray tower. In the design of such a distillation process, the mini- 
mum reflux required to achieve the desired separation is an 
important consideration. Under minimum reflux conditions, in- 
finite numbers of trays are required in both the rectifying and 
stripping sections. FOT the purpose of computing the minimum 
reflux ratio, it is common to presume ideal trays, so that in each 
tray the effluent liquid and vapor streams are assumed to be in 
equilibrium. It is then straightforward to show that the unsteady 
tray-by-tray conservation equations can be reduced to a set of 
first-order partial differential equations under the conditions of 
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minimum reflux (Nandakumar and Andres, 1981a, b). The 
equations for the stripping and rectifying sections resemble the 
equilibrium theory equations discussed here for the countercur- 
rent adsorption process. Nandakumar and Andres describe how 
the equilibrium theory can be employed to compute efficiently 
the minimum reflux ratio in multicomponent distillation pro- 
cesses and note that this scheme predicts the same minimum 
reflux ratio as obtained from tray-by-tray calculations using 
ideal trays. 

In practice, however, the trays are not ideal, and the concept 
of tray efficiency has been introduced to account for this. When 
a tray’s efficiency is not unity, local equilibrium has not been 
established between liquid and vapor leaving that tray. This can 
arise if the characteristic times for the interphase mass and 
energy transfer are not very much smaller than the residence 
times of the fluids in that tray. Strictly speaking, the efficiency 
of a tray is never unity although it can be made to approach 
unity (arbitrarily closely) by proper design. Most of the studies 
that treat the trays as nonideal tend to associate a single tray 
efficiency parameter with each tray. However, a recent experi- 
mental study of tray efficiency for a multicomponent system 
shows that the tray efficiencies of the various species are appre- 
ciably different (Biddulph et al., 1986). The physical implica- 
tion of this observation is that the approach to local equilibrium 
in a tray does not happen with the same ease for the various spe- 
cies present (and temperature). This is not surprising, as the 
bulk of the resistance for interphase transport will be concen- 
trated on the liquid side of the gas-liquid interface and the effec- 
tive mass transfer coefficient here for the various species will, in 
general, be different. Thus, even if the tray efficiencies for the 
various species are arbitrarily close to unity in a tray, the depar- 
ture from unity will not in general be the same for all the species. 
In light of the analysis presented here, a reexamination of the 
classical procedures for minimum reflux calculation such as  the 
Underwood (1948) method, relaxing the assumption of equilib- 
rium trays and retaining the finite interphase mass transfer 
rates in the trays, appears warranted. 

Summary 
Separation devices in which mass transfer between a flowing 

fluid phase and another mobile phase facilitates the desired sep- 
aration are widely used in the chemical process industry. An 
equilibrium theory, in which local equilibrium between the two 
phases is postulated, has been studied extensively as  a limit of 
performance for such devices. In this theory, when applied to a 
countercurrent adsorption process, the only operating parame- 
ter that affects the composition of the pinch state prevailing over 
most of the length of the column is the flow ratio between the 
two phases. It is shown that this equilibrium theory is deficient 
and that there are other parameters, which are lost in the proce- 
dure by which the model equations for the equilibrium theory 
are formulated, that can have a profound effect on the composi- 
tion of the pinch state. These parameters, namely the ratios of 
the mass transfer coefficients between the various adsorbing 
species, determine the composition profiles in the boundary 
layers regions at one or both ends of the column and through 
them the composition of the pinch state itself. 

Notation 
a, = external surface area of particles per unit volume of bed 
A, = cross-sectional area of bed 
C,, = a reference concentration 
C, = concentration of species i in fluid phase 
Cp = concentration of species i in feed fluid 
k, = mass transfer coefficient for species i 
KI - equilibrium constant for species i in Langmuir adsorption iso- 

f?, - dimensionless equilibrium constant for adsorption of species i 
L = length of adsorption column 

M - total number of adsorbing species 
n, = concentration of species i in adsorbed phase 
n; = concentration of species i in adsorbed phase that would be in 

equilibrium with local gas phase composition 
nf = concentration of species i in entering solid stream 
N = maximum adsorption capacity of solid adsorbent 
q, = volumetric flow rate of the fluid 
q, - volumetric flow rate of the solid 

xi = dimensionless concentration of species i in adsorbed phase 
x; = dimensionless concentration of species i in adsorbed phase that 

xi’ = dimensionless concentration of species i in entering solid 
nr = dimensionless concentration of species i in solid phase corre- 

therm 

t = time 

would be in equilibrium with local gas phase 

sponding to pinch state 
x,(O) = dimensionless concentration of species i in exiting solid 

y,  = dimensionless concentration of species i in fluid phase 
yp = dimensionless concentration of species i in entering fluid 
yr = dimensionless concentration of species i in fluid phase that 

y p  = dimensionless concentration of species i in fluid phase that 
would be in equilibrium with local solid phase 

would be in equilibrium with entering solid 
yi( 1) = dimensionless concentration of species i in exiting fluid 

yf = dimensionless fluid phase concentration of species i correspond- 
ing to pinch state 

z = spatial coordinate along length of adsorption column 

Greek letters 
a, = dimensionless solid-side mass transfer coefficient for species i 
0, = dimensionless fluid-side mass transfer coefficient for species i 
T, = dimensionless adsorption rate constant for species i 

c = bed voidage 
[ - dimensionless spatial coordinate 
T = dimensionless time 
/I = dimensionless flow ratio between fluid and solid 

p* = critical flow ratio below which pinch state is the same as the 

/I* = critical flow ratio above which pinch state is the same as the 
state of the entering solid 

state of the entering fluid 
u = dimensionless capacity ratio between solid and fluid phases 
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